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ABSTRACT - In this paper, we present a method of stabilizing uncertain time-delay systems. The

systems under consideration are described by linear state delayed equation whose coefficient matrices
contain norm-bounded time-varying elements. By some matching conditions, we can rend time-varying

elements and reform the equation to linear state delayed equation with disturbances. Then we apply a linear
transformation technique to reduce the uncertain systems to ones of which nominal systems are of delay-free
type. Consequently, we can derive a suitable controller for the perturbed systems, and we will prove that the
controller can robustly stabilize the closed-loop systems against perturbation. Finally, control system design

for the two tanks chemical reactor with delayed recycle will be illustrated to show applicability of the
proposed method.
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1. INTRODUCTION

It is well known that time delay is frequently a source of
instability. On the other hand, it is reasonable to include

uncertain parameters and disturbance in practical control
systems  containing modeling  errors, linearization
approximations, etc. Therefore, the problem of robust

stabilization of state delayed systems with uncertain
parameters has received considerable attention of many
researchers, and many solution approaches have been
proposed [1-6].

In this paper we consider a class of time-delay systems

containing uncertain parameters and additive disturbances as
in [7]. Determination of controller parameters can be devided

into two parts. First, the linear transformation propose by
Fiagbedzi and Pearson [2][8] is used to transform the original
problem into a equivalent one which is easier to solve. Next,
by using the well known Lyapunov min-max approach of
Gutman [9], a suitable stabilizing control law is derived in the
second part. Finally, An example of product stream control
of chemical reactor is given.

2. PROBLEM FORMULATION

Consider a class of uncertain time-delay systems (S,;)
which defined by the following state equations

i(1) = [+ A0 (@) +[4, + A4, () ez — h)
+[B + AB(t) Ju(r) + Bw(r) "

where x e R" is the current value of the system state,
u(t) e R™ is control function, w(t)eRl is the additive
disturbance 4, A4;, B are known constant matrices of
appropriate dimensions, AA(¢), AA4,(t), AB(¢f) are matrices
whose elements are continuous, unknown but bounded
functions, # e R" is a known constant delay time and let
initial  function of the system be specified as
xo(n) e Cy ([— h,O];R”) where C,; denote the Banach space
of continuous vector-valued functions defined on an internal

[-70]  taking values in  R"  with  norm:

||¢)||d = SUP_j<p<q ||qo(f7)|| where ¢ € Cy; ([— h,O];R” )
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We propose a methods of controller design for
stabilizing a uncertain time-delay system.

3. ASSUMPTIONS AND TRANSFORMATION
TECHNIQUE

3.1 Assumptions

Before proposing our controllers, the following assumptions
are made throughout here.

3.1.1_Assumption 1: The nominal system of (S;); ie., the
which  AA(t) = A4;,(t)=0, AB(t)=0,
w(t) =0 are spectrally stabilizable.

system  (Sy)

312 Assumption 2: For all # € R, there are exist continuous
matrix functions H(t), H,(t), and E(¢) of appropriate
dimensions such that

a) AA(t)=BH(t),

b) A4, (t)=BH,(1),

¢) AB(t) = BE(t),

d I +%(E(t) + ET(t))z ol for some scalar )0,

e) there are scalar (x;) and g (¢) such that

p(x) 2 | H@)x(@)+ H  (0)x(t = h) + w(2)|,
and
@O Z||E@)|

where x, is the restriction function of x to the interval
[t—h, t] [-h, 0]; ie,
x(m) = x(t+m), -h<n<0

translated  to x; €C; and

Note that if matching conditions defined in
Assumption 2 are satisfies, we can rewrite system (S;) to

the form

xX(t) = Ax(t) + Apx(t — h) + B(u(t) +v(t)) 2)
where

v(t)=H@)x(t)+ Hj,()x(@—h)+ E@)u(t) + w(t) (3)

3.2 Transformation Technique

Consider the linear transformation 7, defined by

20 = (T
= x(+ ] Ay~ h-0)do )

where 4, € R™" is a matrix yet to be defined.

Proposition 3.1: Let the matrix A, be defined by

13
A. = A+ oM A5, 5)
and
0,8)co(4.)co(Sy) ©)
where
o(Sy)=1{seC; det(s] —A—e " 4;) = 0}
and

0,(Sq) ={s € a(Sg); Re(s) 205,

Then, x(¢) satisfies eqn. 1 and hence eqn. 2, if and only if
z(t) satisfies the system of the form (S,)

z(t) = A.z(t) + B(u(t) +v(t)) (7)

Consequently, by this linear transformation, asymptotic
stability of z(¢) implies asymptotic stability of x(¢).
Furthermore, the following properties are true:

@) (Ac, B) is a stabilizable pair,

by if lim, o, [2(1)| = 0, then lim,_,|x()| = 0

IA

© if lim, o =) < ki, 3k; < oo, then

lim, o |x(@)| < ky, Fky < oo,

V(s)
U(s) X(s)
B Al (s)

Sd: X(s)=A"(s)B(U(s)+V(s))

V(s)
U(s) Z(s) X(s)
B (sI-A)! h A(s)(SI-A))

So: Z(s)=(sI-A,) B(U(s)+V(s))

Fig 1. block diagram of (S;) and (S,)

Proof:

By using the Leibniz’s formula 101, it is straightforward to
verify that eqn. 2 in conjunction with the transformation eqn.
4 yields eqn. 7; see Appendix (Section 9.1). Property (a) follows
from Theorem 3.2 of [8]. To show the property (b) and (c), are
obtained using Laplace transform eqn. 4 to obtain, after some

rearrangement (see also Fig. 1),

X(s) = A Ns)(sI—4.)Z(s)+ A (s)(sT — 4, )¥(s) (8)

where A(s) =|s] — 4 —e_hSAhJ, and

_ (0 a0, (0 —s(t+h+6)
W(s) = Lhe 4, L(M)e Xo(r)d7d0 .
Next by setting t = 7+h+8, Observe that

0 _ (h+0) _,
j_(h+9)e s(Tht0)y (v)dr = jo e xo(t—h—0)dt

Since xg(7) = 0, Vze[-h, 0], we have
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efs(z'JthrH)xO(T)dZ_ _ I(;’Oefstxo(t_h_g)dt
Lixg(t—h-0)}.

0
I—(h+9)

This implies that
p(t) = L{¥(s)
- Ll{ﬁ)h A0 4, Lo (1 —h— 9)}dﬁ}

- jfheAchhxo(t _h—-6)d0

and hence,
w()= 0, Vi>h.

Note here that eqn. 6 implies that all eigenvalues of the

transfer function A_l(s)(sl —Ac) are stable. Consequently, it
can be verified that

IA

R———"
R
lim HL_l {A‘l ()(s — 4, )Z(s)}(t)H |

The above analysis imply that y(¢) does not influence
stability of x(¢#) and it can be verified that stability of z(¢)
implies asymptotic stability of x(z) .

lim [}x (o)
t—©

+

4. CONTROLLER DESIGN

Theorem 4.1 : Suppose there exists a transforma-tion
satisfying the hypothesis of proposition 3.1. Then, for given

QO > o, there exist a positive definite solution P to the Riccati

equation
A'P+P4.—PBBTP+0Q =0 )
Furthermore, a stabilizing control law is given by
u@)=up () +up(@) (10)
where
17
ML(I):—EB PZ(I) (11)
and
2 T
uy () = -—LLDE PO (12)
S(p(x)|B" Pz(t)|+ ™)

where the nonlinear gain
p(x) = pag g )|+ w(x,) (13)

and ¢eR" and & is the positive scalar defined in
Assumption 2-d.

14
Proof:
First, we take the positive definite function
V-(0)= 2" (0)P=(1) (14)

as Lyapunov function candidate for the system (eqn. 7) with
control (eqn. 10). Applying with the Riccati equation, the
following is obtained of the deriative of V,

V, ==L (0|4l P + PACJz(t) + 227 (t) PB(u(t) + w(1))

By using Control law (10), it can be verified that
V,(t) < -z (1)0z(t) + 27
then we have
Amin PO < V2(0) < A P20

and

Po(t) < = Ain Q)20 + 267
Next, observe that

V.(6) < - AV,(t)+2¢*
where
_ ﬂ'min (%)
Amax(P)

Now, let
s(t) = V+AV,(t)-2e"

then we have
s(t) <o
and

V.(0) = s(t)— AV, (t) + 2

So it can be verified that

V() = V,(0)e M +eH j;ei’ [s(t) +2e7 ]dt
<V, (O)e_}“t +2eM J(; M e dt

- V.(0)e M 4 2eH |
: (A-9)

N 2¢H | AP
Amin(P)|  (A=9)
The above analysis implies that

lim,_..[z)|* =0 (15)

Consequently,
V.(0)e

2
"Z(t)" = Amin(P)

Since stability of z(¢) implies stability of x(z) as shown in
proposition 3.1, we can now conclude that closed-loop system
is asymptotically stable.
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Fig 2. Two stage chemical reactor train with delay recycle

5. ILLUSTRATIVE EXAMPLE

Now we show how to control the two stage chemical reactor
with delayed recycle stream, shown in Fig 2. Reactor recycle

not only increase the overall conversion, but also reduces the
cost of a reaction, therefore, it is very popular in industry. In

order to recycle, the input to be recycled must be separated,
from the yields, then travel through pipes after separation.

This total time of recycle introduced delays in the state.

Consider the irreversible reaction A — B with
negligible heat effect is carried out in the two stage reactor
system. Reactor temperature is maintained constant so that

only the composition of product streams from the two
reactors c¢;, ¢, need be controlled. The manipulated

variables are the feed compositions to the two reactors, ¢ ro
¢y ¢ and the process disturbance is an extra feed stream, Fy

whose composition ¢; varies because it comes from another
processing unit. The flow rates to the reactor system are
fixed and only the compositions vary. Suppose, at the input,

that the fresh feed of pure A4 is to be mixed with the recycle
stream of unreacted A4 with recycle flow rate R. Let ¢ be

instant of time. Then the material balance equations for the
reactor system are

e = Fepp)+Rey(t—h)+ Fyey (1)
- (Pi +R +Fd)Cl(t)—I/1(k1 +5k1(t))c1(t) (16)

and

Vacy = (Fi+R+Fy—Fpei()+ Fpcy p (1)

- (sz +R)Cz(t)—V2(k2 +é7€2(t))02(t) (17)

where the second product stream, F, , is given by

sz = F1+Fd—Fp1+F2

15

Note that the time-varying parameters ok;(¢) and ok, (¢)
represent uncertainties of the system. In practice, exact
values of both of parameters are unknown. Nevertheless, it

is reasonable to assume that their upper bound values are
known; i.e, the information 6; and &, such that

5 = m?x"&kl(t)"

and

s mtax"ékz (t)"

respectively, are available. For any given set point

(c15» €25), our objective is to find a state feedback
controller that make ¢; and ¢, converge to ¢, and cj,
respectively. To achieve this, we define the variables
" 4
= ——, 6, =

F+R+F;’ Fp+R

Up = Cf=Cyg> Up = Cf —Cof

X = ¢ —Cg, X = C—Cy, d = Cq—Cyy

where c;, is a constant nominal value of the disturbance
¢q-and ¢j g, ¢y 5 can be obtained from

Reos + Fycqs — (F1 + R+ Fy)ers —Vikegg
R

Afs = ~

(B + R+ Fy = Fy)erg —(Fpp + R)eps —Vakyeos
F,

CZfs:_

Consequently, the material balance eqn. 15 and 16 can be

described by

() = —(gim +é7q(t>}c1 0)

1

R H Fy
+ —x(t—h)+—u () +—Ld()+ Kk (¢)c (18)
lez( ) 7 1(0) 7 (1) + Ok (1)cy

i (1) = —(9i+kz+a7c2<t>}z(r)

b
F 2 —F2 +R F

+ L X () +Zuy (1) + Sy (£)cy, (19)
V) vy
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Note that (c1(2),¢2(2)) = (c15.C25) whenever
(x1(8),x2(¢t)) > (0,0); therefore, the objective can be
achieved by stabilizing the above system described by eqns.

18 and 19. Next, define a state vector
x1(¢

x(0) = { 1( )}

x(2)

It now can be verified that state space description for eqns. 18
and 19 is of the form (S;) with

—(i+k1) 0
4 = %
| Fpr —F>, +R 1
P22 0 (k)
2 0,
Ok (¢ 0
AA()[ 1) }’
0 k(1)
|k ()] < 01, ko ()] < S5,
0 R
Ap = Vi | Ady() =0,
0 0
Aoy
B -|" £ s AB@) =0,
0 -2
Vs
Fad(2)
w(t) = FH > "ékl(t)" < diax -
0

To illustrate the proposed controller design, let us choose
ky=ky=1, v,=v, =1,
F, =04, F,=05,
Fp =05, Fp,=05,
Fg=01, R=025 h=1,
5,=04, 0,=05, §,=05,

so that
0,=075, 6,=05,

and hence

-1.75 0 0 025
A = , Ay = ,
025 -1.75 0 0

16

(0.4 o}
B - ,

L0 05
| Ky (1)
H( =| 04 Sy (t) | "H(t)”£1’
L 0.5
w(t) =| "4 |, |w@) <0125
0

Note here that the nominal system is stable. Indeed, it can be
verified that s; =—-2.72791 and s, =—1.27667 are the poles
of the nominal system. Based on the procedure given in [g]
with o(4,) = {sl,sl} the required matrix parameter 4. of
the transformation is then determined to be

-1.75
4, =
0.25

Next, solve to Lyapunov equation (2.3.12) with Q =1 to get

1.851497
—2.254575

10.3093344  0.165341
| 0.165341  0.357552

A suitable control law is then given by eqn. 9 with 8=1, ¢@ =
05 and

p(x;) = \/(x1(t) +e)? + (% (1) +ag)? +0.125

Suppose that set point is chosen as

Clg =05, Cpy =10

Simulations are now presented for the corresponding closed-
loop system. In these simulations, the uncertain parameters
are taken to be as follows.

Ok (¢) = 0.4sin(2¢), Sk, (¢) = 0.5sin(2¢),
d(t) = 0.5sin(2¢) .

The initial condition is taken to be x, = [-0.4 —l.O]T on

[-1, 0]. The results of these simulations are shown in Fig 3.
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Fig 3. Response of state X versus time

6. CONCLUSION

We have presented a computational method to stabilize
uncertain systems including known constant time delay. By

using the matching conditions, we can change system model
(eqn. 1) into new model (eqn. 2) that is easier for analysis. We

then use a linear transformation [2] to reduce the delay
system model with 4., which have been chosen so that

Aﬁl(s)(sl —A,) stable. This explains why stability of z(¢)
can imply stability of x(¢)

In comparison with (7], the advantage we presented is

the control law (10); by changing constant & to e that
converges to zero. It therefore controls the system more
efficiently with better performance. Finally, we show how to

apply the proposed stabilization method to set point control
of a chemical reactor train with delay recycle.
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9. APPENDIX

9.1 Supplementary proof of Proposition 3.1

From the hypothesis of Proposition 3.1, we have
xX(t) = Ax(t) + Apx(t —h)+ B(u(t) +v(2)) (20)

with the auxilary output
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z(t) = (T.(0))0)

- X0+ fh 40 4, x(t — h—0)do 1)

where the matrix 4, be defined by

A, =A+e ey, (22)

By using the Leibniz's formula [10], it can be verified that

40 40 4 e
Ej_he Ayx(t—h—0)do
= e M g x(t) - Ayx(t—h—0)
©oA, fheAﬂgAhx(t—h—H)de
Hence,

o d 0 40
i) = %) e j_h % 4, x(t—h—0)do
= Ax(t)+ Apx(t —h) + Bu(t) +v(1))
+ e Me 4 x(t) - Ayx(t—h—0)
+ A M Ayt~ h-0)do
0
= A, [x(t) + Lh 0 4 x(t—h - 9)d9}
+ Bu(t) +v(t)) + [A e Moy — 4. ]x(z)
which is equivalent to
z(t) = A.z(t) + B(u(t) + v(¢))
as in eqns. 21 and 22
Next, to show eqn. s, Laplace transform eqn. 21 to obtain
Z(s) = L{z0)}

L{x(t) ; ﬁ’h A0 4 x(t—h— H)dé?}

0
X()+ [ e O ayLixc—h-0)ldo
Since, for any scalar ¢ > 0,
Lix(t-a)} = I(:O e Sx(t—a)dt

= e %% X(s)+ ﬁ)a eis(”“)xo (t-7)dr

where x5eCy ([—a, 0]; R" ) denote the initial function.

Consequently,

18
0
Z(s) = X(s)+ j_heAchhe‘S(M)daX(s)
0 4.6, (0 —s(r+h+6)
+ I_he AhJ‘_(thg)e xo(7)dwd 6
0
- {1 + j_heAchhe‘S(’“g)de}X(s)
0 4.6, (0 —s(r+h+6)
+ I_he AhJ‘_(thg)e xo(7)drd 0 (23)
Note here that
0
I1+[ e P4, D = (sI-4,) " AGs) (24)
_h h 4

where A(s) = s/ —A—e_hSAhl This can be verified easily
by direct integration and then using eqn 22. Finally, direct
substitution of eqn. 24 in eqn. 23 yields the required result.
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